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A fermionic description of dark matter using analogies with nuclear physics is developed. At
tree level, scalar and vector processes are considered and the two-body potential are explicitly
calculated using the Breit approximation. We show that the total cross sections in both cases
exhibit Sommerfeld enhancement.
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2I. INTRODUCTION
Since the seventies, it is well known that in the center of the galaxies there is a high gamma radiation which can
not be attributed nor to photons coming from cosmic rays neither to supernovas [1]. The energy of photons has been
observed and measured by different satellites and the line 511 cannot be explained by using a conventional point of
view [2].
Nevertheless there are also other interesting results in particle physics related to the problem mentioned above
which require further explanation. In this direction, it seems that the line of 511 keV would find a natural explanation
in the last years (although not definitive considering some others explanations, but certainly the most convincing)
[9]. Basically the great production of electron-positron pairs can be attributed to the dark matter annihilation [3]-[8]
through processes that are beyond the standard model [9]-[10].
A possible explanation is to argue that the total cross section of annihilation would be enlarged in such a way to
be consistent with observations. This mechanism has been proposed by Arkani-Hamed et. al. [11–13] and it is direct
consequence of the so called Sommerfeld enhancement (S), i.e. the assumption that the ratio between the probability
densities of the wave function in x = 0 e x =∞ are normalized to the S factor [14].
As the dark matter is essentially non-baryonic and interacts only at low energies, one can establish analogies with
nuclear physics which can then be extrapolated and be valid at least as effective descriptions [15].
In this context neutrinos seen as cold dark matter [17] are the non-relativistic analogue of nucleons and therefore,
the phenomenological potentials of nuclear physics should be also useful in the dynamic description of the cold dark
matter neutrinos. In this paper we will explore this possibility and we we will show how these ideas fit with some of
the results discussed in dark matter physics.
The paper is organized as follows: in section II we discuss some basics issues about the phenomenological potential
in nuclear physics and dark matter and the notation is established, in section III include the calculation of the
phenomenological potential in terms of the Breit procedure, in section IV we give some examples where the Sommerfeld
enhancement is calculated and finally, section V contains the conclusions.
II. NUCLEAR POTENTIAL AND DARK MATTER
In the context of the early nuclear physics, the nucleons interact by interchanging mesons [15]. But herein nuclear
physics itself, is an effective description of a fundamental theory, namely QCD.
In this effective description the non-relativistic nucleon-nucleon potential is phenomenological and it has the general
form
V = Vs(r) +
∑
i
Vi(r)Oi, (1)
where Vs(r) is the part of the potential wich only depends on the relative distance r between the interacting nucleons,
Oi is the operators for spin contribution and therefore Vi(r)Oi are the terms of the potential which are obtained in
the low energy expansion. We have in the coordinates space:
O1 = σ1 · σ2,
O2 = (σ1 · x)(σ2 · x),
O3 = L · S,
O4 = (L · S)n,
where S = 12 (σ1 + σ2) is the total spin and L is the orbital angular momentum (we will use ~ = 1 in the follow).
These operators Oi are known as spin-spin, tensor, spin-orbit and higher order of spin-orbit respectively and which
can be written in terms of the total spin operator S.
The spin-spin term is σ1 · σ2 = 2S2− 3; therefore the spin-orbit term is L · S = (J2−L2−S2)/2, where J = L+S
is the total angular momentum. The tensor interaction is given by (σ1 · x)(σ2 · x) = 2(S · x)2 − r2.
The explicit form of (1) is not derived directly because we do not know exactly the nature of the effective inter-
action (without invoking QCD), therefore only considering the effective character of this description and using some
reasonable assumptions, we can find explicit forms for (1).
Although this strategy is commonly used in nuclear physics, is particularly interesting to explore in detail to study
new effects in the dynamics of dark matter. This will be the purpose of the next section.
3III. THE BREIT EQUATION, MASSIVE BOSONS AND DARK MATTER
The processes involving dark matter are low energy ones and it can –at least in first approximation– to exchange
scalar or vector bosons and if, as our description is effective, also can be considered as massive bosons. A potentially
dangerous point for massive fields a quantum field theory is the lack of renormalizability and unitarity but at this
effective level this is circumvented here because we will consider only very low energy processes and at the tree level.
Let us start considering the scattering amplitude for two particles interacting by a massive vector boson
Mfi = u¯
′
1γ
µu1Dµν(q)u¯
′
2γ
νu2, q = p
′
1 − p1 = p2 − p′2, (2)
where γµ are the gamma matrix.
The propagator for a vector boson with mass Qc (Qc = Mc)is given by
Dµν(q) =
1
q2 −Q2c
(
−ηµν + qµqν
Q2c
)
. (3)
FIG. 1. fermion-fermion scattering
The last expression can be written in components as follows
D00(q) =
1
(ω/c)2 − q2 −Q2c
(
−1 + (ω/c)
2
Q2c
)
, D0i(q) =
1
(ω/c)2 − q2 −Q2c
(
ωqi/c
Q2c
)
,
Dik(q) =
1
(ω/c)2 − q2 −Q2c
(
δik +
qiqk
Q2c
)
, (4)
where we use the convention η00 =1.
In order to obtain the low energy limit of the Dirac equation, we decompose the bispinors into spinors components
and until order 1/c2 approximation, then [18]:
u(p) =
√
2m
[(
1− p28m2c2
)
w
σ·p
2mcw
]
, u¯ = u∗γ0, (5)
where w is the amplitude of the Schro¨dinger plane wave.
Thus, in this approximation, the terms u¯γµu in temporal and spatial components are
u¯′1γ
0u1 = 2m1w
′∗
1 w1
(
1− q
2
8m21c
2
+
iσ1 · [q× p1]
4m21c
2
)
,
u¯′1γ
iu1 =
w′∗1 w1
c
(
2pi1 + q
i + i[σ1 × q]i
)
.
Solving u2 is similar but doing the change q→ −q, because q = p′1 − p1 = p2 − p′2.
u¯′2γ
0u2 = 2m2w
′∗
2 w2
(
1− q
2
8m22c
2
− iσ2 · [q× p2]
4m22c
2
)
,
u¯′2γ
iu2 =
w′∗2 w2
c
(
2pi2 − qi − i[σ2 × q]i
)
.
4Furthermore, in this approximation, the propagators can be written as:
D00(q) =
1
q2 +Q2c
, D0i(q) = 0, Dik(q) =
−1
q2 +Q2c
(
δik +
qiqk
Q2c
)
. (6)
In order to clarify the calculation, we separate each term and then we take into account only terms order until 1/c2.
u¯′1γ
0u1D00(q)u¯
′
2γ
0u2 = 2m12m2w
′∗
1 w1w
′∗
2 w2
[
1
q2 +Q2c
− 1
8c2
(
1
m21
+
1
m22
)
q2
q2 +Q2c
+
+
i
(2m1c)2
σ1 · [q× p1]
q2 +Q2c
− i
(2m2c)2
σ2 · [q× p2]
q2 +Q2c
]
,
u¯′1γ
iu1Dik(q)u¯
′
2γ
ku2 =
= −w
′∗
1 w1w
′∗
2 w2
c2
[
4p1 · p2
q2 +Q2c
+
2(p2 − p1) · q− q2
Q2c
+
2iσ1 · [q× p2]
q2 +Q2c
− 2iσ2 · [q× p1]
q2 +Q2c
+
+ σ1 · σ2 q
2
q2 +Q2c
− (σ1 · q)(σ2 · q)
q2 +Q2c
)
]
,
where the following identities have been used
(σ1 × q) · (σ2 × q) = (σ1 · σ2)q2 − (σ1 · q)(σ2 · q), (a× b) · c = a · (b× c). (7)
Replacing these terms in the general expression of scattering amplitude, we obtain
Mfi = 2m12m2w
′∗
1 w
′∗
2 U(p1,p2,q)w1w2, (8)
where U(p1,p2,q) is the two-body Breit potential, i.e.
U(p1,p2,q) =
=
[
1
q2 +Q2c
− 1
8c2
(
1
m21
+
1
m22
)
q2
q2 +Q2c
− 1
m1m2c2
p1 · p2
q2 +Q2c
+
1
2m1m2c2
(p2 − p1) · q− q2
Q2c
+
i
(2m1c)2
σ1 · [q× p1]
q2 +Q2c
− i
(2m2c)2
σ2 · [q× p2]
q2 +Q2c
− i
2m1m2c2
σ1 · [q× p2]
q2 +Q2c
+
+
i
2m1m2c2
σ2 · [q× p1]
q2 +Q2c
− 1
4m1m2c2
σ1 · σ2 q
2
q2 +Q2c
+
1
4m1m2c2
(σ1 · q)(σ2 · q)
q2 +Q2c
]
.
(9)
which shows that the lowest order interaction is given by the Yukawa potential.
We see that if mi M (or the same |q|  Qc, light dark matter), then we will have to first order 1q2+Q2c '
1
Q2c
.
In order to obtain the potential in the coordinate-space we need to perform the Fourier Transform of U(q)
U(x) =
∫
d3q
(2pi)3
U(q)eiq·x. (10)
The result can be written in the form of Eq. (1) as follows:
U(p1,p2,x) = Vc(r) + V1(r)O1 + V2(r)O2 + V3(r)O3, (11)
5where:
Vc(r) =
[
1 +
Q2c
8c2
(
1
m21
+
1
m22
)]
e−Qcr
4pir
− 1
8c2
(
1
m21
+
1
m22
)
δ(x) (12)
V1(r)O1 =
1
4m1m2c2
[
δ(x)
(
−1 + 4pi
3
)
+
e−Qcr
4pir
(
Q2c +
Qc
r
+
1
r2
)]
σ1 · σ2 (13)
V2(r)O2 = − 1
4pi
1
4m1m2c2
e−Qcr
r3
(
Q2c +
3Qc
r
+
3
r2
)
(σ1 · x)(σ2 · x) (14)
and:
V3(r)O3 =
e−Qcr
4pir2
(
Qc +
1
r
)[
−σ1 · (x× p1)
(2m1c)2
+
σ2 · (x× p2)
(2m2c)2
+
σ1 · (x× p2)
2m1m2c2
− σ2 · (x× p1)
2m1m2c2
]
. (15)
For the scalar exchange boson interacting by ψ¯ψφ, the two-body potential is straightforward an similar to above
computation:
U(p1,p2,q) =
=
[
1
q2 +Q2c
− 1
8c2
(
1
m21
+
1
m22
)
q2
q2 +Q2c
− 1
2m21c
2
p1 · (p1 + q)
q2 +Q2c
− 1
2m22c
2
p2 · (p2 − q)
q2 +Q2c
− i
(2m1c)2
σ1 · [q× p1]
q2 +Q2c
+
i
(2m2c)2
σ2 · [q× p2]
q2 +Q2c
]
.
(16)
We note that in this case again the lowest order is the Yukawa interaction, nevertheless, there are neither spin-spin
nor tensor interactions.
IV. EXAMPLES OF SOMMERFELD ENHANCEMENT
The Sommerfeld enhancement is a quantum mechanical effect, which leads to an increase of the total scattering
cross section. In order to compute this effect we need to solve the radial Schro¨dinger equation, which for a particle of
mass µ in presence of a central potential V (r), is given by
− d
2χ(r)
dr2
+
(
2µ(V (r)− E)− l(l + 1)
r2
)
χ(r) = 0. (17)
where R(r) = χ(r)r is the radial part of the wave function. The wave function satisfies the boundary conditions
χ(0) = 0 and χ(r)→ sin(kr + δ) as r →∞.
The Sommerfeld enhancement of the scattering cross section then is computed by [11]
Sk =
∣∣∣∣∣
dχ(0)
dr
k
∣∣∣∣∣
2
(18)
or equivalently by
Sk =
∣∣∣∣R(∞)R(0)
∣∣∣∣2 . (19)
Below we study some examples of Sommerfeld enhancement using nuclear potentials:
6A. Yukawa Potential for Fermions
In the two-body Breit equation for massive vector boson computed in the above section, we consider only large terms
contributions of the potential (11). Thus, the first relevant term for the Sommerfeld enhancement is the spin-spin
interaction, v.i.z
U(x) = (a+ bσ1 · σ2)e
−Qcr
r
. (20)
Therefore, we have a Yukawa bosonic potential (b = 0) and in this case the Schro¨dinger equation is solved by using
a tensor product ansatz between the position and spin space.
If we work in the momentum-representation, the only non-diagonal part of the hamiltonian is the spin-spin inter-
action σ1 · σ2. which can be diagonalized in the common base |s1m1〉 ⊗ |s2m2〉.
After this, we obtain two equations, one for the triplet states ψt and one for the singlet state ψs:
[
p2
2µ
+ (a+ b)
e−Qcr
r
]
ψt = Eψt (21)
[
p2
2µ
+ (a− 3b)e
−Qcr
r
]
ψs = Eψs (22)
Therefore in this case, we have to solve the well-know problem of a particle in a Yukawa potential of the form
γe−Qcr/r with γ = a+ b and γ = a− 3b , for the triplet and singlet state, respectively. It is well know that the total
cross section for this nucleon scattering is given by σ = 14σs +
3
4σt. Where σs and σt are the cross section for the
singlet and triplet state, respectively. Hence we can note that Sommerfeld enhancement factor is given by:
S =
1
4
Ss +
3
4
St (23)
Where St and Ss are the enhancement factor of the particle in the Yukawa potential with γ = a+ b and γ = a− 3b,
respectively. Finally we can note that in the massive scalar boson case we do not have this spin-spin term ( γ = a)
B. Exponential Potential
As was discussed in section II, the form of the nucleon-nucleon potential is not know in exact form, sometimes we
have choose well phenomenological potentials in order to describe such interaction. In this sense,
V (r) = V0e
−Qcr
can be used as a nucleon potential approximation [16], thus, this could another possible way for dark matter interaction
and for this reason we investigate below whether this potential exhibits Sommerfeld enhancement.
In order words we need to compute the wave function which is solution of the Schro¨dinger radial equation (17) and
since we are interested in low energy processes we need only s-waves (i.e. solutions with l = 0).
In order to compute χ(r) we perform the standard change of variable
x = αe−βr, (24)
where α and β are constants, and choosing this constants as
α =
2
Qc
√
2µV0, β =
Qc
2
. (25)
we can rewrite Eq.(17) in the form of a Bessel equation:
d2χ(x)
dx2
+
1
x
dχ(x)
dx
+
(
1− ρ
2
x2
)
χ(x) = 0, (26)
7where ρ = 2i|k|/Qc, corresponds to states with positive energy E.
The general solution is given by
χ(x) = AJρ(x) +BNρ(x), (27)
with Jρ and Nρ are the Bessel and Newman function respectively. With the requirement that the wave function is
finite as r →∞ we conclude B = 0.
The Sommerfeld enhancement Eq (18) becomes
Sk =
∣∣∣∣−αβk dJρ(x = α)dx
∣∣∣∣2 . (28)
Using the asymptotic form of the Bessel function [19], z  1 and |z|  |ρ2 − 14 |, i.e. in the low energy limit (or
equivalently V0  k22µ ), we have
Jρ(z) =
√
2
piz
eνpi/2 cos
(
z − pi
4
)
, (29)
where ρ = iν.
Using this last result and (28) the Sommerfeld enhancement factor becomes
Sk =
2β2α
pik2
epik/β sin2
(
α− pi
4
)
. (30)
V. DISCUSSIONS AND CONCLUSIONS
In this paper we have proposed a point of view inspired in nuclear physics in order to study the fermionic dark
matter dynamics. This perspective is particularly interesting because, in principle, would allows a dictionary between
“nucleon ↔ dark matter” clear and directly.
Specifically, we obtained the following results. 1) we have computed, by using the 1/c, the two-body potential
for scalar and vector interactions and we have derived the corresponding Yukawa potential; 2) If the process involve
fermion and vector, the two-body potential has the form (a + bσ1 · σ2)e−Qcr/r and therefore, the modification of
the Sommerfeld enhancement is given by S = 14Ss +
3
4St due to the additional spin-spin term σ1 · σ2e−Qcr/r in the
potential U(x); 3) On the other hand, if the process is through a scalar boson the relevant long range term is pure
Yukawa term αe−Qcr/r, so we do not have the above modification to the enhancement factor.
Finally, we have also considered an attractive phenomenological nuclear potential −Voe−Qcr and show explicitily
as emerges a Sommerfeld enhancement factor, so in principle, this potential also could used to model processes of
enhancement and dark matter.
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